In this paper, we study a stochastic non-autonomous logistic system with feedback control. Sufficient conditions for stochastic asymptotically bounded, extinction, non-persistence in the mean, weak persistence, and persistence in the mean are established. The critical number between weak persistence and extinction is obtained. A very important fact is found in our results, that is, the feedback control is harmless to the permanence of species under the randomized environment.
Introduction
The classical non-autonomous logistic equation can be expressed as follows:
x(t) = x(t) r(t) -a(t)x(t) , (.) where x(t) denotes the population size at time t, r(t) is the intrinsic growth rate and r(t)/a(t)
is the carrying capacity at time t. It has been studied extensively and many important results on the global dynamics of solutions have been found (see [-] and references therein). On the other hand, sometimes we should search for certain schemes (such as a harvesting procedure or biological control) to ensure the system still have the same dynamic property as system (.) under the same conditions. For this reason, many authors considered the controlled system. In [] , Gopalsamy and Weng motivated by control theory and studied the global asymptotic stability of positive equilibrium of a regulated logistic growth with a delay in the state feedback of the control model. In [] , by constructing a suitable Lyapunov functional, the global stability of a single species model with feedback control and distributed time delay were studied. By using coincidence degree theory, some excellent results (see [-] ) which were concerned with the existence of periodic solution of single species with feedback control are obtained. In many works (see [-] ), the authors obtained the result that the feedback controls are harmless to the permanence for the deterministic systems. However, population systems in the real world are often affected by environmental noise. It is important to discover whether the presence of a such noise affects these results (see [-] ). Recently many authors have discussed population systems subject to white noise (see [-] ). Recall that r(t) represents the intrinsic growth rate at time t. In practice we usually estimate it by an average value plus an error term. In general, by the well-known central limit theorem, the error term follows a normal distribution. Thus, for a short correlation time, we may replace r(t) by r(t) → r(t) + σ (t)Ḃ(t), whereḂ(t) is white noise and σ (t) is a positive number representing the intensity of the noise at time t. Then (.) becomes a stochastic differential equation
dx(t) = x(t) r(t) -a(t)x(t) dt + σ (t)x(t) dB(t).
(.)
In [] , the authors considered the case that the coefficients of (.) are all periodic functions with period T. They obtained the stochastic permanence of (.) and global attractivity of one positive solution
Wang improved the permanence results in [] , and obtained the critical number between weak persistence and extinction. However, to the best of the authors' knowledge, to this day, still few scholars consider the stochastic perturbation logistic system with feedback controls. In fact, we have known very little about how feedback controls affect the survival of species which is under the randomized environment. So, motivated by the above analysis, we will study the following non-autonomous randomized logistic system with feedback control:
where r(t) is a continuous bounded function on [, +∞) and a(t), c(t), σ (t), e(t), and f (t) are nonnegative continuous bounded function on [, +∞). Throughout this paper, for system (.) we introduce the following hypotheses: In this work, our purpose is to establish the sufficient conditions for asymptotically bounded, extinction, non-persistence in the mean, weak persistence and persistence in the mean of system (.). We will find that, in our results, the feedback control is harmless to the permanence of species with stochastic perturbation.
Preliminaries
Throughout this paper, unless otherwise specified, let ( , F, {F t } t≥ , P) be a complete probability space with a filtration {F t } t≥ satisfying the usual conditions (i.e. it is right continuous and F  contains all P-null set). Let B(t), t ≥ , be -dimension standard Brownian motion defined on this probability space. We also denote by R + the interval [, +∞), and denote by R  + the set {(x, y)|x > , y > }. For convenience and simplicity in the following discussion, define
where f (s) is a continuous bounded function on R + . Now, we introduce several lemmas which will be very useful in the proofs of the main results. We consider the following randomized non-autonomous logistic equation:
We have the following results which can be found in [] . We consider the following non-autonomous differential equation:
Lemma . Suppose m(t), n(t), and α(t) are continuous bounded functions on R + and n(t) is nonnegative on R
where m(t) and n(t) are continuous bounded function on R + . We have the following results for system (.). 
Proof If α = , it is obviously that system (.) has a unique global positive solution for any positive initial value. And we can prove the conclusion (ii) of this lemma similar to Lemma  in [] . Now, we prove the conclusion (iii) for this case. Let x(t) and y(t) be any two solutions of equation (.). By conclusion (ii), there are positive constants l and
By calculating the upper derivative of V (t) and using the mean value theorem of differential, we have
where ξ (t) is between x(t) and y(t), and
This completes the proof of the case (a). Now, we prove the case (b). From system (.) we have
We denote z(t) = y β (t), and this yields
Let w(t) = /z(t), we obtain Now, we consider the following non-autonomous linear equation:
where functions m(t), n(t), and p(t) are bounded continuous defined on R + and m(t) and n(t) are nonnegative for all t ≥ . Suppose that v(t) is the solution of the following equation:
with initial condition v() = . We have the following useful result which can be found in [] .
Lemma . Suppose that there exists a constant
Then, for any constants ε >  and M >  there exist constants δ = δ(ε) >  and T  = T  (M) >  such that for any t  ∈ R + , v  ∈ R, and |y  | ≤ M, when |p(t)| < δ for all t ≥ t  , one has
where y(t, t  , y  ) is the solution of equation (.) with initial condition y(t  ) = y  .
Further, we consider the following non-autonomous equation:
where α ≥ , β > , α + β = , the functions m(t), n(t), and p(t) are bounded continuous defined on R + and m(t) and n(t) are nonnegative for all t ≥ . Suppose that v(t) is the solution of the following equation:
with initial condition v() = . We have the following result.
Lemma . Suppose that there exists a constant
where y(t, t  , y  ) is the solution of system (.) with initial condition y(t  ) = y  .
Proof If α = , we have β = . This case is the same as Lemma .. If α = , we letỹ(t) = y β (t) andṽ(t) = v β (t), from (.) and (.) we have
Then, using Lemma ., we can obtain the conclusion of this lemma.
Remark . In Lemma ., the authors discussed the case α =  and β =  of this lemma. Hence, their results are extended by this lemma.
Asymptotically bounded of the global positive solution
In system (.), x(t) is the size of the species and u(t) is the regulator, thus we are only interested in the positive solutions. Moreover, in order for a stochastic differential equation to have a unique global (i.e. no explosion in a finite time) solution for any given initial value, the coefficients of the equation are generally required to satisfy the linear growth condition and local Lipschitz condition (cf. Mao [] ). However, the coefficients of system (.) do not satisfy the linear growth condition, though they are locally Lipschitz continuous. In this section, using the comparison theorem of stochastic equations (see []) we will show there is a unique positive solution with positive initial value of system (.).
Theorem . For any given initial value
there is a unique solution (x(t), u(t)) to system (.) on t ≥  and the solution will remain in R  + with probability one, namely (x(t), u(t)) ∈ R  + for all t ≥  almost surely.
Proof Since the coefficients of the equation are locally Lipschtiz continuous, it is known that for any given initial value (x  , u  ) ∈ R  + there is a unique maximal local solution (x(t), u(t)) for all t ∈ [, τ e ) where τ e is the explosion time. Furthermore, by Lemma ., we have
where b(t) = r(t) -.σ  (t). Hence, to show this solution is globally positive, we only to
show that τ e = ∞ a.s. By the first equation of (.) we have
dx(t) ≤ x(t) r(t) -a(t)x(t) dt + σ (t)x(t) dB(t). (.)
Consider the following auxiliary equation:
From Lemma ., we know that there exists a unique continuous positive solution y(t) of system (.) for any positive initial value x  , which will remain in R + with probability one. Consequently, by the comparison theorem of stochastic differential equation we have
Therefore, x(t) < ∞ for all t >  a.s. By the second equation of (.) we can represent u(t) by
From this we can find that if x(t) is global, then u(t) also is a global solution, i.e. τ e = ∞ a.s. This complete the proof of the theorem. Now, we will discuss the asymptotically bounded property of the unique global positive solution of system (.). To be precise, let us now give the definition of asymptotically bounded. 
Definition . Let p > , system (.) is said to be asymptotically bounded in pth moment if there are positive constants H = H(p) and K
with initial value y * () = , and v * (t) is the solution of the equation
with initial value v * () = .
Proof Applying Itô's formula to x p (t), we have
) -a(t)x(t) -c(t)u(t) dt + σ (t) dB(t) .
For every integer n ≥ , define the stopping time
Clearly, τ n ↑ ∞ a.s. Integrating from  to t ∧ τ n and taking expectations yield
Letting n → ∞, and by the well-known Hölder inequality,
By the assumption (H  ) and (.), considering the auxiliary equation (.) and using the standard comparison theorem and (a) of Lemma ., we can obtain
Furthermore, for any α  >  there exists a constant T  >  such that
By the second equation of system (.) we have
Integrating from  to t and taking expectations, we have
for all t ≥ t  + T  . Consider the following comparison equation:
By the assumptions (H  ) and (H  ) and (b) of Lemma . we can find that for the solution z(t) of equation (.) with initial value z(t
Hence, we can denote M = sup t∈R + z(t). By Lemma ., for any ε >  and M there exist positive constants δ  = δ  (ε) and T  = T  (M) ≥ T  such that for any t  ∈ R + , when |f (t)(y
By the comparison theorem of differential equation, we can obtain from (.) and (.)
Since ε is arbitrary, we can obtain
This completes the proof of the theorem.
In the following, we denote q(t) = r(t) + .(p -)σ  (t). Remark . From Theorems . and ., we can find that the asymptotically bounded property of system (.) cannot be changed by the feedback control even though the system is randomized by the environment.
Remark . If

Remark . If c(t) ≡ , we can obtain a randomized logistic equation without feedback control dx(t) = x(t) r(t) -a(t)x(t) dt + σ (t)x(t) dB(t
Extinction and persistence in time average
Now, we will discuss extinction and persistence of system (.). For any positive solution (x(t), u(t)) of system (.) we first introduce some useful definitions. For convenience and simplicity in the following discussion, we denote
Then we have
where
By the second equation of system (.) we have Proof For any ω ∈  , from (.) we have
Making use of (.) we obtain
That is to say, lim t→∞ x(t, ω) =  for b * < . Now, we will prove lim t→∞ u(t, ω) = . Since lim t→∞ x(t, ω) = , then for any α  > , there is a positive constant T  such that
Consequently, from (.) we have
We consider the comparison equation
By (H  ) and Lemma . with m(t) ≡  and v() = , we see for any positive constant ε that there are constants δ = δ(ε) and
where v(t) is the solution of system (.) with initial condition v(T  ) = u(T  , ω). Therefore, by the comparison theorem, we obtain
Since ε is arbitrary, we have lim t→∞ u(t, ω) = . This complete the proof of the theorem, for P(  ) = . Proof (i) First of all, we will prove lim inf t→∞ x(t, ω) =  for all ω ∈  . Otherwise, there is a positive constant ε  such that
Remark . If c(t)
Hence, by a * >  and b * = , for any positive constant ε < ε  there is a positive constant
And there is a positive constant
Then from (.), (.), and (.) we have
Consequently, we have
Letting t → ∞ we have lim sup t→∞ x(t, ω  ) ≤ , which is a contradiction. Therefore,
Now, we will prove lim inf t→∞ u(t, ω) =  for all ω ∈  . Otherwise, there is a η  >  such that
Consequently, we see that there is a positive constant T  such that
for all t ≥ T  . Dividing the two side of above equation by t and letting t → ∞, we can get
This leads to lim t→∞ x(t, ω  ) = . By the proof of Theorem . we can obtain lim t→∞ u(t, ω  ) = . This is a contradiction. Therefore, the proof of (i) is completed.
(ii) b * =  and (.) imply that, for any ε >  and ω ∈  , there is a positive constant
Then it follows from (.) that
Integrating this inequality from T > T  to t results in
For any ε >  and ω ∈  , there is a T such that
Substituting these inequalities and (.) into equation (.) we get
Consequently,
Integrating this inequality from T to t we have
Taking the logarithm of both sides yields Since ε is arbitrary, we obtain x * ≥ b * e l a u e l + c u f u := x for all ω ∈  . In Figure  , we choose r(t) =  + sin t, a(t) = . + . sin t, σ  (t)/ = . + . sin t, c(t) =  + sin t, e(t) =  + cos t, and f (t) =  + cos √ t. Then it is easy to obtain b * = -. <  and In Figure  
Future directions
Recently, some scholars studied some interesting problems, such as model with jumps (see [, ] ) and model with time delay (see [, ] ). It is an interesting question to investigate the dynamics property of the stochastic species systems with feedback control, jumps, and time delay. This will be our future work.
